In predicting wave propagation, the size of the angle of propagation plays an important role; thus, the concept of wide-angle is introduced. Most existing acoustic propagation prediction models do have the capability of treating the wide-angle but the treatment, in practice, is vertical propagation angle. This is desirable for solving 2D (r-z) problems. Typically, 3D problems are dealt with an N by 2D approximation. To deal with problems possessing 3D effects, the azimuthal coupling terms have to be considered in PE approximation. Moreover, in extending the 2D treatment to 3D, the wide-angle capability is maintained in most 3D models, but it is still vertical. Hence the concept of wide-angle is introduced in azimuthal direction to enhance the capability of predicting the azimuthal coupling and thus the 3D effects. A truncated wedge-shaped ocean which is modified from ASA benchmark problems is used in this study. The results show apparent 3D effects and validate the 3D wide-angle azimuthal PE model, a wide-angle version of FOR3D.
Introduction
In the mid 1970's, Tappert [1] introduced the Parabolic Equation (PE) approximation method in solving underwater acoustic propagation problems to the acoustic community, which was called the standard PE, also recognized as "narrow-angle" PE. When the PE approximation is introduced to solve the underwater acoustic wave propagation problem, there are many approaches to apply the rational function approximations to the square-root operator. The approximations pose limitations in the propagation angles. A comparison of angular limitations of some rational function approximations is given in Ref. [19] . Energy outside the angle of propagation is neglected, therefore the acoustic solution inaccurately propagated which leaded to phase errors accumulated over ranges. Phase errors in parabolic approximations were analyzed with normal-mode theory [20] and also investigated by Tappert et al. [21] . However, these results only considered the vertical propagation angle. To correct this type of error, the wide-angle equation must be considered. Other authors [2] - [7] also contributed to its development. For 3D development, the Lee-Saad-Schultz (LSS) 3D Wide-angle Model clearly and explicitly possesses the vertical wide-angle capability [6] . The same development was followed to formulate the azimuthal wide-angle capability using the LSS 3D Wide-angle Model [7] . In some 3D PE models, the approximations include both vertical and azimuthal expansions, yet only the vertical wide angle capability is taken in to account. Chen et al. [7] modified FOR3D [1] , [7] to include wide-angle capability in azimuthal direction. This model is used in this paper to discuss the propagation angle limitation in azimuthal direction. Munk et al., [17] investigated the refraction of sound by islands and seamounts using the concept of vertical mode and horizontal ray. They clearly showed the refraction of modal rays on horizontal plane, thus in this paper we took this problem as our first numerical test case. The other test case we use is a modified ASA benchmark problem which has been used by Fawcett [13] , [23] to discuss the azimuthal wide angle capability. Typically, 3D problems are dealt with an Nx2D approximation, which treats a 3D field as a fan-like composition of many plane without the -r z θ -coupling terms. Two-dimensional wide angle capability of PE in vertical direction has been discussed by Lee et al. [2] . Three-dimensional effects on underwater acoustic transmission have attracted considerable interests recently [6] - [15] , [18] . The primary cause of 3D effects is the bottom topographical variations [9] . In order to deal with problems likely to possess 3D effects, the θ -coupling terms are required in PE approximation [6] . In the benchmark problem of 3D wedge, the 3D effect is due to the horizontal refraction of the bottom-reflecting sound ray, shown in Fig. 1 . The azimuthal wide-angle 3D PE code [7] (AWA3D) is based on 3D parabolic equation, which is an initial-boundary values problem. The boundaries imposed on the sidewall are usually generated by 2D calculation which is not the actual boundary, and then the acoustic field computed is doubtful. Smith [10] has commented that computing 360 o azimuth range in the beginning ranges, then narrowing the angular width of the computing azimuth range when marching out in the radial ranges, to avoid the weak boundary effect. Chen et al. [11] proposed the overlap (computed field)/iteration (sidewall boundary) scheme to reduce the error due to the boundary effect. Three benchmark problems involving acoustic propagation in range-dependent media are recently proposed for numerical consideration at a special session of the 141 st Meeting of the Acoustical Society of America in Chicago. These problems are indeed challenging for a numerical scheme. In this paper, the first benchmarking, 3-D test subcase (a) is calculated by a three-dimensional azimuthal wide-angle model (AWA3D) with real 3D side-wall boundaries.
This paper is organized as follows. Sec. 2 discusses the selected benchmark of 3D wedge. Sec. 3 outlines the numerical scheme used to solve the benchmark, including the foundation of the AWA3D code and overlap/iteration scheme. Then the derivation of the modal decomposition of Helmholtz equation and illustration of the propagation angles in horizontal plane in Sec. 4. The narrow and wide angle PE approximations are presented in Sec. 5 along with the phase error estimation that demonstrates the azimuthal propagation angle limitation. Sec. 6 presents numerical solutions with discussions. Sec. 7 summarizes this paper.
The Benchmark Problem
This benchmark problem is the first subcase (a) in the 3D wedge benchmark problem of the "Benchmarking Shallow Water Range-Dependent Acoustic Propagation Modeling" problems recognized by the Acoustical Society of America (ASA), and has been addressed in a special session of the ASA 141st Meeting in Chicago. The scenario of this case is a 3D wedge environment analogous to the benchmark ASA wedge [5] but with a point source instead of a line source, such that this is a 3D problem instead of a 2D wedge in the previous ASA benchmark.
The geometry of this wedge is given in Table 1 o , i.e. the horizontal distance from the apex to the source is 4km. A 3D field solution is sought for a 25Hz point source placed at 100m depth, and outputs of TL vs. range or TL vs. depth respectively corresponding to the four different receivers shown in Table 1 (R1~R4) are required in the session, that will be shown in Figs. 4, 5, 7, and 8.
The Numerical Scheme
We use AWA3D, an azimuthal wide-angle 3D PE code [7] , and an overlap (computed field)/iteration (sidewall boundary) scheme for generating real sidewall boundaries [16] to calculate the 3D field. The following subsections briefly discuss the above numerical calculations.
The AWA3D code
The one-way, outgoing 3D wave equation, in an operator form, can be expressed as follows:
where ( )
Then, Eq. (1) can be rewritten in the form
Eq. (4) accommodates the wide-angle capability in the azimuth direction [7] since the higher order approximation term (2 nd order) of the operator Y is introduced. As used in FOR3D [6] , a local solution to Eq. (4) 
where ( ) 
The total error can be viewed as
The true sidewall boundary
The modified equation of the AWA3D code, one-way, outgoing 3D wave equation, is a mathematically classified parabolic partial differential equation. So the initial and boundary values must be imposed while calculating the three-dimensional sound field. Lee et al. [6] recommended a 2D PE solution as the sidewall boundary condition. But this 2D PE solution is not the true boundary since it does not include the azimuthal coupling effect, and will contaminate the computed acoustic fields [11] . Therefore, it is necessary to seek a true sidewall boundary by computing a 3D solution instead of a 2D solution. Chen et al. [11] proposed the iteration scheme in overlapped computed field to create a true sidewall boundary. The iteration continues until the convergence of the 3D solutions shows the 2π periodicity in the overlapped region. This scheme applied in this paper is described in the next paragraph, and the diagram is shown in Fig. 3 .
Since the upslope propagation path meets the apex at range of 4 km, the luxury of computing a full 360 o or larger azimuth region does not exist beyond 4-km range. Therefore, the computation is divided into two phases. The fist phase is to calculate the acoustic field in the vicinity of the source of the 4-km circle. The iteration scheme in overlapped region is applied to the 4-kim circle with the source at the center, which is shown as the shaded circle in Fig. 3 . The second phase is that the solutions at 4-km range are used as the starter to compute the 3D solution in a full 198º azimuth sector up to 25-km range.
The 4-km range calculation of phase I is as follows: The port sidewall is set at -9º azimuth (0 o azimuth is parallel to the apex.), and the starboard is set at 90º azimuth, i.e., the starboard sidewall is down slope. But since we use the overlap/iteration scheme, the starboard sidewall is 450º azimuth, which is the same at 90º because of 2π periodicity; such that the total computed azimuth range will be 459º, while the overlapped range is from 351º azimuth to 450º azimuth, 99º in total. At each range marching step, the sidewall boundaries at -9º and 450º azimuth are computed first with a 2D PE model. After calculating the field (at the same range), the computed field at 351º replaces the -9º port boundary, and the one at 90º replaces the 450º starboard boundary. Then the sound field is re-computed with these new boundary conditions. This replacement procedure (iteration) is repeated until the field at -9º/450º azimuth takes the same as (or converge to) that at 351º/90º azimuth.
After the above iteration procedure, we match to the next range and repeat the overlap and iteration scheme. For the desired TL at 25-km range, phase II is used to obtain the solution. We choose -9º azimuth to be the angle of the port sidewall boundary, at which angle the radial track will have enough horizontal distance (25 km) not to hit the apex (p.s. exact angle is -9.207 o ). So the azimuth range of -9º to 189º is the computation domain of the AWA3D code behind 4 km range (shown in Fig. 3(b) ), i.e. the port sidewall boundary is set at -9º azimuth and the starboard is set at 189º azimuth behind 4 km range. And the initial field at 4 km range in this domain (198º, out 4 km range) is imposed by the iterated solution at the range limits (4 km) of the iteration scheme. Since we couldn't overlap the field behind 4 km, so we implement the AWA3D code only with the 2D PE solution boundaries but with the real 3D initial field (iterated solution in 4 km range).
Modal Decomposition in Horizontal Plane
The 3D Helmholtz equation for harmonic source in cylindrical coordinates is ( )
where ( 
by letting 
is the zeroth-order Hankel function of the first kind for the outgoing wave representation. Equation (12) 
whose solution is
By means of Eqs. (14), (15), (19) , and (20), we can write the solution of the propagating wave as 
From the above, we can also deduce the dispersion relation on the horizontal plane being 
where ξ is the bending angle of the acoustic ray, i.e., the propagation angle.
If we consider only the outgoing wave and rewrite Eq. 
PE Approximation and Error Estimation in Horizontal Plane
Equation ( .
There are several ways to expand the square root in Eq. (35) [19] . In the following we will present the azimuthally narrow and wide angle expansions [22] .
In Eq. (35), considering azimuthally narrow angle, one can write
Applying Eq. (38) to Eq. (28), we have
In Eq. (35), when considering azimuthally wide angle, one can write 
Next we follow McDaniel [20] by considering a single normal mode propagation in the PE approximation and comparing the results with the solution of Helmholtz equation (23) .
We know from the solution of the Helmholtz equation (23) 42) to the rational expansion of the square-root operator in PE approximations reveals the inherent phase error. In the following, we will examine the phase errors in the narrow angle and the wide angle approximations. Meanwhile, a case referring to an Nx2D calculation in 3D problem is also included to present the effect when the θ -coupling is omitted.
For simplifying the results, we choose 0 1 k = and consider the property of the square-root
i.e., let . Then the exact modal phase in Eq. (42) now reduces to In an Nx2D calculation, the θ -coupling is omitted, i.e., the operator Y is deduced to zero in Eq. (37) and the square-root expansion. The phase is thus
With Eq. (44) and , the above equation is reduced to 
When the acceptable error has been set to 0.0002 which corresponds to TL difference about 1 dB [2] , as indicated by the horizontal dashed line, the approximate angle limitations to Nx2D, narrow-and wide-angle approximations can be seen as , , and . The angular limitations for both narrow-angle and wide-angle approximations are about the same as those in vertical direction [2] , [19] . 
Numerical Results
This section presents numerical calculations of propagation loss (transmission loss, TL) obtained by using the azimuthal wide-angle 3D PE code [7] (AWA3D code) described in Section II. The ASA 3D wedge benchmark problem was designed to study the effects of the 3D range-dependent environment. This section deals with the upslope propagation and the cross-slope propagation in the wedge described in Sec. 2.
R1 propagation loss
The 3D and Nx2D solutions for the R1 case of the 3D wedge benchmark are shown in Fig. 4 . The result shows there is no significant difference between the 3D and Nx2D solution that means there is no 3D effect in the upslope direction at 30 m depth. Jensen et al. [5] discussed the drop-down at 3.5 km which is also shown in Fig.4 . The radiation into the bottom is particularly evident around 3.5 km where the fundamental mode is cut off, i.e. energies are penetrating into the sloping, penetrable, and lossy bottom at that range, and the pattern of the normal mode propagation is totally distorted. They also discovered the IFD PE solution exhibited a 2~3 dB greater than that of the one-way coupled mode solution. Since AWA3D adopted similar numerical techniques in dealing with the one-way, square-root operator, the 2-3 dB discrepancy also present in Fig. 4 at 3-km to 3.5-km ranges.
R2 propagation loss
The 3D and Nx2D solutions for the R2 case of the 3D wedge benchmark are shown in Fig. 5 . The result shows there is no significant difference between the 3D and Nx2D solution as the R1 case that means there is also no 3D effect in the upslope direction at 150m depth. The fluctuation behind 1km, especially significant after 2km, reveals the unstable of the AWA3D code in dealing with the wave propagation in the sediment; nevertheless, it properly handles the water column. Jensen et al. [5] discovered the "noise" in IFD PE solutions at 150-m depth for ranges from 2 km to 4 km. They suspected that it was due to the insufficient depth of the artificial absorbing floor. Figs. 5 and 6 exhibit the similar "noise" at the same region. The depth of the artificial absorbing floor lies at 1 km beneath the sea floor which is even shallower than Jensen et al. [5] 's 4-km depth. So the noise was caused by the same reason. Fig. 6 shows the 3D field solution generated by the AWA3D code. The result shows no significant difference between the 3D and 2D solutions presented in the previous article [5] , i.e., there is no 3D effect in the upslope direction.
R3 propagation loss
The 3D and Nx2D solutions for the R3case of the 3D wedge benchmark are shown in Fig. 7 . The result shows there is robust phase difference between the 3D and Nx2D solutions that means there is the 3D effect in the cross slope direction at 30m depth. As the previous article [9] commented, the primary cause of 3D effects is the bottom topographical variations. In this case, the 3D effect is due to the horizontal refraction of the bottom-reflecting sound ray, which has been shown in Fig. 1 . Moreover, we can see that the energy bends toward the slope from the TL contour and the 3D-Nx2D difference. We also observe the normal mode propagation pattern in the far field from the propagation loss curve.
R4 propagation loss
The 3D and Nx2D solutions for the R4 case of the 3D wedge benchmark are shown in Fig. 8 . It is evident that higher modes are cut off when far away from the source in the 3D calculation, since higher modes imply larger vertical propagating angles which would result in larger horizontal refraction shown in Fig. 9 .
Truncated Wedge Problem
In this section we consider the truncated wedge problem [13] , [23] . All the following numerical results have been obtained running FOR3D and its azimuthal wide-angle version.
Description of the Test Case
The truncated wedge problem is a modified ASA benchmark problem, and investigated by Fawcett implementing the azimuthal operator with FFT [13] and higher-order finite difference schemes [23] . Fig. 13 shows the along-slope sectional view. The maximum range of computation is 24 km and angular span is 360 degrees. The source frequency is 25 Hz. We use mode 3 as the exciting mode. In all calculations, we set ∆r = 6 m, ∆z = 1 m, and ∆θ = .
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For the problem being symmetrical, in the following we will only show the results in the first quadrant, i.e., . 
Transmission Loss and Comparisons
In this test case, we have chosen the across-slope section at a fixed depth of 35 m to present the computational results, as shown in Fig. 14 . Fig. 14(a) plotted the transmission loss curves obtained by 3DWide-angle, 3DNarrow-Angle, and Nx2D schemes. All the computations agreed closely to a range of about 8 km. Beyond that distance, the 3D curves, including wide-angle and narrow-angle, started to drop, exhibiting the shadow zone property, whereas the Nx2D did not catch the behavior. When it went to the range of about 12 km, the two 3D curves began to show some difference. From 19 km and further, the results by wide-angle and narrow-angle schemes mismatched in the form of phase shift. The differences can be seen in Fig. 14(b) . Since the Nx2D calculation was not able to predict the shadow zone, the differences comparing to 3D calculations can be up to more than 25 dB. As for the 3D wide-angle and narrow-angle calculations, the alternating behavior of the difference curve beyond 19 km represents the phase errors in the PE approximations of the schemes.
Concluding Remarks
In this paper, the numerical solutions of the first subcase (a) in the 3D wedge benchmark problem of the "Benchmarking Shallow Water Range-Dependent Acoustic Propagation Modeling" problems and the azimuthal angular limitation of PE approximation has been investigated for 3D one-way wave propagation. We use AWA3D code, an azimuthal wide-angle 3D PE code, and an overlap (computed field)/iteration (sidewall boundary) scheme for 3D sidewall boundaries [11] to calculate this 3D field.
The numerical results show what we have anticipated. The 3D effect is present in the cross-slope case, since the primary cause of 3D effect is the bottom topographical variations, i.e. the horizontal refraction of the bottom-reflecting sound ray. Moreover, since the ray along the slope will not refracting horizontally, the 3D effect does not exist in the upslope and downslope direction.
The angle limits exist in PE approximations of the square-root operators Eqs. (38) and (40). The limits are about the same for both azimuthal and vertical directions since the approximations are similar. From the plots of a simple analytic result it has been found that the limits for Nx2D, 3DNarrow-, and Wide-angle approximations are , , and when the tolerance is set as 0.0002. Two numerical test cases have been used to show such limitation. The differences between the schemes revealed in the form of phase shift or phase error indicate the capability and the necessity to catch the modal ray behavior correctly. It is also found that the azimuthal grid ∆θ has to be considered carefully so as to predict the azimuthal coupling effects. Table 1 The geometry list of the 3D wedge benchmark problem. 
